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Abstract 
We provide a brief description of why maps, with a zero-dimensional singular set, from a 
2-manifold into a 3-manifold, are important to the recognition problem for 3-dimensional 
manifolds. We then show that such maps can be unexpectedly pathological by exhibiting an 
example of such a map which is space filling. 
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1. Introduction 
The recognition problem for 3-dimensional manifolds asks for a list of topologi- 
cal properties which would characterize a more general space as a 3-manifold. 
These properties can be broadly divided into algebraic properties and geometric 
properties. The algebraic character of 3-manifolds has usually been generalized to 
those spaces which are called resolvable. A space X is resolvable if it is the 
continuous image of a 3-manifold under a map where the preimage of any point is 
cell-like. All resolvable spaces have the local relative homology of R3, and satisfy 
global separation and duality properties just like genuine 3-manifolds (see 161). 
Clearly, any 3-manifold is resolvable (just take the identity map). However, there 
are many examples of resolvable spaces which are not 3-manifolds (see [21). 
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The texture of a 3-manifold which might be missing from a general resolvable 
space is a geometric property called general position. General position properties, 
roughly stated, are conditions under which a map of disks into the space can be 
adjusted slightly so that their images are disjoint. So a typical conjecture for the 
3-manifold recognition problem would look like: resolvable space + general position 
property = 3-manifold. The difficulty is in choosing the appropriate general posi- 
tion property. The property must be general enough to hold for all 3-manifolds, 
and yet be strong enough to force a resolvable space to be a 3-manifold. 
Clearly, it’s not possible to separate generic images of disks in a 3-manifold, 
because the intersections can be transverse, and thus not removable by slight 
adjustments of the map. A useful class of maps which are amenable to map 
separation in 3-manifolds are maps with a zero-dimensional singular set. In [l] the 
author proves that for any 3-manifold X, if f : D, LI . . . LI 0, +X is a map of a 
pairwise disjoint collection of disks into X, where the singular set, S(f) = 
(P : f-‘(f(p)> + 1~11, h as d imension zero and is contained in the interior of the 
disks, then for any E > 0, there exists a map g : D, I_ . . . U D, +X such that 
d( f, g) < E and g(Dj) n g(D,) = fl for any pair i # j. Any metric space X satisfying 
the above is said to have the general position property LMSP* (see [3]). Combined 
with results from [3], the fact that all 3-manifolds have LMSP” gives the following 
recognition theorem. A space X is a 3-manifold if and only if X is resolvable, has 
LMSP*, and X has a l-dimensional nondegeneracy set. It is not yet know whether 
the last condition, “X has a 1-demensional nondegeneracy set”, can be removed. 
The purpose of this paper is to indicate that it is a nontrivial feat to separate the 
images of disks, when the singular set is zero-dimensional. In this case, the image 
just “kisses” in intersections, and does not plunge through itself transversely. Our 
intuition might be that such a graceful image would be genteel enough not to fill 
up an entire open set in the range. Indeed, if there were gaps in space left by the 
image, then the hope would be to use this extra breathing room to gain some 
purchase with which to wrench apart the intersections. Unfortunately, this ap- 
proach cannot work, because maps with a zero-dimensional singular set can be 
unexpectedly pathological, to the extent that they actually can be space filling. The 
following is an example of such a map. 
2. The example 
Theorem 1. There exists a continuous function f : I2 + I3 such that f( 12> = 13, and 
S( f ) is zero-dimensional. 
Proof. The function f will be constructed as the limit of a sequence, {f,}~=,, of 
embeddings. We will have to mediate a three-way tug-of-war between continuity, 
surjectivity and the requirement that the limit map remains one-to-one over a set 
whose complement is zero-dimensional. In order to satisfy this third requirement, 
we identify, on the domain, the “infinite grid” G = l_lz=, G,, where each G, is a 
finite grid, formed by segments, parallel to each of the axes, along the nth dyadic 
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Fig. 1. f0,(12), where f,,(G,) is in heavy black. 
rational numbers ((m/2”: m = 0, 1, 2,. . . , 2”)). Clearly I2 - G is zero-dimensional. 
We will arrange it so that the limit map is one-to-one over G, thus forcing 
S(f) c I2 - G. With these issues in mind, we can give a rough idea of the 
construction of the map f = lim f . The f, can be viewed as a motion picture, n-oc n 
depicted in Figs. 1-3, of the unit square embedded in the unit cube as it grows 
more and more, tinier and tinier “fingers” which eventually fill up the entire 
volume of the cube. As the fingers grope their way throughout the inside of the 
cube, we also imagine that the grid G is somehow protected, so that this growth 
won’t touch G in the limit. 
The first map in the sequence is easy to describe. We just locate fO(Z2) at the 
level z = 3 inside the cube, as in Fig. 1. Next, we will let the interior of fO(Z2) 
grow a finite number of fingers, where each finger fits in a ball of diameter less 
than i (preparing for the continuity of the limit), yet is long enough so that every 
point in the cube is less than a distance d from the new finger-y square (getting 
closer to a surjective map). Actually, we must use some additional care in the 
construction of these fingers. Looking ahead, we don’t want points from the 
interior of the square to reach out and touch f&G,) in the limit. So, before 
constructing the fingers, we install a semi-tubular buffer, NOO, around f,,(G,) 
where the outer boundary, aNO,,, will act as a barricade that no fingers can push 
through. Fig. 2 indicates how we form f, in the presence of the buffer NO,,. In 
addition, we choose the buffer NO, skinny enough so that not only is every point in 
the cube within a distance of i from f,(1’), but each point can actually be 
connected to f,(Z2) by an arc of length less than f whose interior misses Woo. 
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Fig. 2. fl(Z2), where fl(G,) is in heavy black, and NW is in dots. 
Fig, 3. fz(P), where f2(G2) is in heavy black, and %I”, NIO and NIP are in 
dots. 
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Just like fi, we’ll form f2 by growing fingers off the interior of fi(Z*). This time 
each finger will be of diameter less than f, yet long enough so that each point in 
the cube is within $ of f2(Z2>. Again, we need to install some “impregnable” 
buffers. Since NO, only protects G, from the stuff outside of NOO, we put in 
another buffer, NiO, very close to f,(G,) inside of NO,. We also begin the 
protection of G, by putting in a tubular buffer N,, around f,(G,). Fig. 3 shows 
what it looks like when we grow fingers out of f1(Z2 - G,) missing the boundaries 
of the three buffers erected so far. These fingers satisfy the size and distance 
requirements given above because they are constructed along the short arcs 
(described at the end of the previous paragraph) which connect points in the cube 
to f,(Z *) while avoiding aN,,,. We can reprise this “short arc connecting condition” 
by choosing N,, and N,, so skinny that when we are done constructing f2, not 
only is every point in the cube within $ of f2(Z2>, but each point can be connected 
to f2(Z2) by an arc of length less than $ whose interior misses aNO U XV,, u NV,,. 
We carry on in this way, forming a network of skinnier and skinnier tubular 
buffers Nkk 1 NCk+ijk 1 . . * , converging to fk(Gk) for each k & 0. The limit map is 
one-to-one over G (i.e., f(Z’ - G) nf(G> = fl and f Ic is one-to-one), because we 
insist that f;‘(Nn,) =fil(Nkkj and f, I G, = fk IGk for each k 2 0 and all IZ > k. By 
taking each new buffer very thin relative to the previous buffers, and avoiding 
“unnecessary” intersections between buffers (which could form “bubbles”, totally 
cut off from the image of the square), we can always maintain the condition that 
every point in the cube can be connected to the image of the square by progres- 
sively shorter arcs whose interiors miss the boundaries of the buffers. This sensitive 
condition, imposed because of the presence of the buffers, allows us to balance the 
tug-of-war between surjectivity and continuity in the limit. q 
Notice that the proof given above is not as satisfying a construction as the 
renowned space filling examples of Peano and Hilbert [5,4]. In these examples 
there is an iterated geometric picture which allows one to write down a formula for 
the function and gives an elegant and convincing presentation of the result. In our 
proof we iterate a topological/geometric picture, and we cannot write down a 
formula for the function. We ask whether it is possible to give a proof of the above 
result using a purely geometric setup to generate a formula for the function. 
Finally, note that the techniques used in the proof above can be applied to 
establish the following more general result. 
Theorem 2. For any n > 3 and any m < n there exists a continuous function 
f : I” -+ I” such that f(Z”> = I” and S( f > is zero-dimensional. 
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